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Abstract. We describe explicitly the moduli spaces A4g^*'{S, E) of polystable 
holomorphic structures £ with det f = /C on a rank 2 vector bundle E with 
ci{E) = ci{K) and C2{E) = for all minimal class VII surfaces S with 62 (S) = 
1 and with respect to all possible Gauduchon metrics g. These surfaces S 
are non-elliptic and non-KAHLER complex surfaces and have recently been 
completely classified [TelOSa) . When 5 is a half or parabolic Inoue surface, 
Mg^*" (S, E) is always a compact one-dimensional complex disc. When S is 
an Enoki surface, one obtains a complex disc with finitely many transverse 
self-intersections whose number becomes arbitrarily large when g varies in the 
space of Gauduchon metrics. M^'^^{S,E) can be identified with a moduli 
space of PU(2)-instantons. The moduli spaces of simple bundles of the above 
type leads to interesting examples of non-HAUSDORPP singular one-dimensional 
complex spaces. 
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1. Introduction 

In gauge theory, moduli spaces of anti-self-dual connections have led to strik- 
ing results in differential four-manifold geometry; they are the main tools in the 
construction of the DONALDSON polynomial invariants. However, the explicit com- 
putation of these moduli spaces in concrete situations is in general very difficult. 
On the other hand, when the base manifold is a complex surface, the KoBAYASHl- 
HiTCHiN correspondence establishes a real analytic isomorphism between the mod- 
uli spaces of (irreducible) anti-self-dual connections and polystable (stable) holo- 
morphic structures on a fixed differentiable vector bundle and makes thus possi- 
ble the application of complex geometric methods for the computation of gauge- 
theoretical moduli spaces. S. K. DONALDSON gave the first complete proof of this 
relationship on algebraic surfaces and used it to explicitly compute moduli spaces 
and the corresponding invariants for Dolgachev surfaces. This led to the first 
example of pairs of homeomorphic but not diffeomorphic four-manifolds |Don87) . 

Subsequently this strategy was carried out for a large variety of algebraic sur- 
faces jOdV86t IBuc87| [TYi89t IKotSQ^ IOdV89| IFM94| IDonQTj IFMW99j . However, it 
becomes very hard for non-algebraic surfaces due to the presence of non-filtrable 
holomorphic bundles in the moduli space. A complete classification of such bundles 
is considered to be an extremely difficult problem on non-elliptic surfaces because 
of the lack of a general method of construction and parametrisation. On the other 
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hand, on elliptic surfaces it could be solved for a number of non-KAHLERian el- 
liptic surfaces |BH89l TT95\ ITel98| ITomOlj IMor03| IBM05) . Note that for elliptic 
fibrations one solves this problem by regarding the restrictions to the fibres which 
(generically) are elliptic curves on which the classification of holomorphic bundles 
is well understood |AB82[ IPV85] . This strategy is called the graph method and 
was used by P. J. Braam and J. Hurtubise to obtain the first explicit example 
of an SU(2)-instanton moduli space on a non-KAHLER surface, namely an elliptic 
HoPF surface |BH89) . In this article we now compute moduli spaces of holomorphic 
bundles on all minimal class VII surfaces with 62 = 1, endowed with all possible 
Gauduchon metrics. Being the first example of moduli spaces on surfaces that are 
both non-KAHLER and non-elliptic, this is the reason why one expects essentially 
new phenomena for the behaviour of moduli spaces in general. 

Our method to overcome the main difficulty of controlling non-filtrable bundles is 
the following: We first classify filtrable bundles and then show, using gauge-theory, 
that only a particular non-filtrable bundle can exist. In |Tel05a] it was shown that 
the moduli space does not contain a compact component consisting of both filtrable 
and non-filtrable bundles. We then show that the moduli space does not contain any 
compact component at all. This is true on blown-up primary Hopf surfaces by a 
recent result of M. ToMA |Tom06j and we conclude using a deformation argument, 
since any minimal class VII surface surface containing a global spherical shell (see 
below) is the degeneration of a blown-up primary HoPF surface |Kat78| . 

A first interesting property of our moduli spaces is that the filtrable bundles 
are generic. This is surprising, because on Kahler surfaces the filtrable locus is a 
countable union of ZARiSKi-closed sets and also in all formerly known examples on 
non-KAHLER surfaces it was found to be ZARlSKl-closed. 

Class VII surfaces with 62 = 1 are of particular interest in the light of the classi- 
fication problem of complex surfaces. In the early 1960ies, K. Kodaira classified 
connected compact complex surfaces {surfaces for short) into seven classes [KodM]. 
Six of them are quite well understood but the seventh |Kod66j has resisted a com- 
plete classification until the present day. A surface S is said to be of class VII if it 
has Kodaira dimension kod(S') — —00 and first Betti number bi{S) = 1. It can 
be blown down to a unique minimal model, i. e. a unique class VII surface not being 
the blow-up of another one. We denote the subclass of minimal class VII surfaces 
by VIIq. Class VIIq surfaces with second Betti number 62 = are classified: They 
are either HoPF or Inoue surfaces |Bog82[ [LYZ94[ ITel94] . As to class VIIq surfaces 
with 62 > 0, all known examples admit a so-called global spherical shell and can 
be explicitly constructed by successive blow-ups and holomorphic surgery |Kat78| . 
On the other hand, every class VIIq surface S with exactly 62(5') rational curves 
possesses a global spherical shell [DOT03j . The global spherical shell conjecture 
now states that every class VIIq surface has such a global spherical shell and would 
reduce the classification of class VII surfaces to finding sufficiently many curves. 

This was recently done by A. Teleman for the subclass VIlJ of class VIIq 
surfaces with 62 = 1 [TelOSaj . Supposing there did not exist any complex curves 
on the surface he constructed a contradiction for the moduli space of polystable 
holomorphic structures £ with det £ = K. on a fixed complex vector bundle E with 
ci{E) = ci{K) and C2{E) = 0. By the above, this accomplishes the classification 
of class VIlJ surfaces: Each class VIlJ surface is biholomorphic to either the half 
Inoue surface |Ino77) . the parabolic Inoue surface [Ino74] or an Enoki surface 
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[EnoSOj . We in turn now compute explicitly this moduli space for each of these 
surfaces and describe its properties in detail. This is possible with respect to any 
Gauduchon metric, due to a recent result classifying the possible degree maps on 
non-KAHLER surfaces [BucOOj [TelOSbj . We finally remark that the methods used 
can be extended to show the existence of a curve in the case 62 = 2 [Tel06b) . 
The expected complex dimension of the above moduH space is 

- xi^nd^S) = (4c2(£;) - c^{Ef) - l{bt{S) - + l) - 1 , (1.1) 

but there are two deeper reasons for this particular choice of the Chern classes oiE. 
Firstly, it allows one to write filtrable holomorphic bundles S as extensions of certain 
holomorphic line bundles. Secondly, it assures that the moduli space of anti-self- 
dual connections on E is compact so that the moduli space of stable holomorphic 
structures on i?, embedded via the KoBAYASHl-HlTCHiN correspondence, can be 
compactified by adding only the irreducible part. This compactification is crucial 
in the step determining possible non-filtrable bundles. 

The moduli spaces we get are compact one-dimensional complex discs when the 
surface is a half or parabolic INOUE surface. In the "generic" case of an Enoki 
surface it is a compact one-dimensional complex disc too, but with finitely many 
transverse self-intersections. The number of these singularities is unbounded when 
the metric varies in the space of Gauduchon metrics. This shows that there are 
infinitely many homeomorphism types of moduli spaces although there are only 
finitely many topological splittings of the underlying vector bundle. Furthermore, 
having a boundary, these moduli spaces are not complex spaces. This is in contrast 
to algebraic surfaces, where the Uhlenbeck compactification is known to be an 
algebraic variety |Li93) . and to all known examples on non-algebraic surfaces. It 
will be one of our next steps to study the behaviour of the natural HERMiTian 
metric |LT95j near this boundary. 

Let us finally point out that our results could only be obtained through a close in- 
terplay between complex geometry and gauge theory. Although nowadays Seiberg- 
WiTTEN theory has widely replaced Donaldson theory, recent developments show 
that Donaldson theory on definite 4-manifolds with 61 ^ 1 is still an interesting 
open subject |Tel06a) . 

The structure of this article is the following: In the next section we briefiy review 
the necessary properties of class VIlJ surfaces and summarise their classification. 
Then we parametrise filtrable holomorphic bundles in the moduli spaces (section [3|, 
examine its local structure (section |4]) and the stability condition (section [5]) . In 
sectionElwe give the boundary structure of the moduH spaces of polystable bundles. 
Finally we determine non-filtrable bundles (section ^ which leads to a complete 
description of the entire moduli spaces in the last section. 

Acknowledgements: I would like to thank my PhD supervisor Andrei Tele- 
man for his constant help and numerous hints and comments. Furthermore I would 
like to thank Matei Toma for providing his results as well as Karl Oeljeklaus 
and George Dloussky for useful discussions on the subject. 

2. Minimal class VII surfaces with 62 = 1 

Let S* be a class VII surface, i. e. a compact complex surface with first Betti 
number 61(5*) = 1 and Kodaira dimension kod(5) = —00. By definition, the 
condition on the Kodaira dimension means that tensor powers of the canonical 
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holomorphic line bundle /C do not admit any non-trivial holomorphic sections, i. e. 
i/°(/C®") = for n > 1. For such a surface the Chern classes are given by |Kod64) 

C2iS) ^ ~ci{Sf ^ b2iS) . (2.1) 

Suppose now that S is of class VIlJ, i.e. minimal with second Betti number 
b2{S) = 1. As mentioned in the introduction, Teleman proved that in this case 
there exists at least one complex curve on S [TelOSa] . But any class VIlJ surface 
containing a curve is biholomorphic to one of the following surfaces |Nak84) : 

• A half Inoue surface |Ino77| . It contains only a single complex curve, 
namely a singular rational curve C with one node and self intersection —1. 
The canonical bundle is given by 

IC = T(g)0{-C) (2.2) 

where is the unique non-trivial square-root of the trivial holomorphic 
line bundle O (see below). We have 

ci(0(C)) = -ci(/C). 

• A surface in the family studied by Enoki |Eno8Qj containing only a single 
complex curve, namely a singular rational curve C with one node and self 
intersection 0. We have 

ci{O{C))=0. 

There is no expression for the canonical bundle JC as in the other two cases. 
We will refer to class VIlJ surfaces of this type as Enoki surfaces. 

• A parabolic Inoue surface |Ino74j . It contains precisely two complex curves, 
namely a singular rational curve C with one node and self intersection 
and an elliptic curve E with self-intersection —1. Both curves are disjoint. 
The canonical bundle is given by 

JC^O{~C-E). (2.3) 

We have 

ci(O(C))-0 ci(0(£;)) = -ci(/C). 
The Chern classes above follow from the intersection numbers since H^{S,Ij) is 
torsion free (see below). 

Notation 2.1. The family of class VIlJ surfaces constructed and classified by 
Enoki |Eno80| lEnoSlj is characterised by the existence of a divisor D > with 

= 0. As such it includes the parabolic Inoue surface. Nevertheless, to simplify 
the exposition we agree that in this article we do not consider the parabolic 
Inoue surface as an Enoki surface. 

Unless otherwise stated, S will always denote a class YHq surface, i. e. one of 
the three types above. 

Remark 2.2. As a two parameter family Enoki surfaces represent the generic 
case of class Vllg .surfaces. The half and the parabolic Inoue surface appear as 
degenerations of them. 

The existence of a rational curve on a class VIlJ surface implies the existence of a 
so-called global spherical shell |DQT03j . Surfaces admitting a global spherical shell 
can be constructed by successive blow-ups of the unit ball in and a subsequent 
holomorphic surgery |Kat78| [Dlo84j . A consequence of this construction is that all 
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such surfaces are degenerations of blown-up primary Hopf surfaces. In particular 
they are all diffeomorphic with fundamental group 7ri(S') ^ Z. Thus Hi{S,Z) = Z 
is free and from the universal coefHcient theorem we conclude H^{S, Z) = Z because 
b2{S) = 1. Furthermore, from (|2.ip we see that ci{K)'^ = —1, showing that ci{K) 
is a generator of H^{S, Z). 

In the following we will frequently use the correspondence between line bundle 
morphisms Mi M2 and the sections of MX ® M2 they define. In particular 
every such morphism is the zero morphism if the corresponding bundle does not 
admit non-trivial sections, i. e. if H^{MX <8i M2) = 0. 

Remark 2.3. Note that a line bundle admits non-trivial sections if and only if it 
is isomorphic to 0{D) for a divisor D ^ on S , i. e. if it is of the form 0{rC) 
on the half Inoue or an Enoki surface and 0{rC + sE) on the parabolic Inoue 
surface for some r,s G N. This shows in particular that line bundles M on class 
VIIq surfaces with ci{M) — ci(/C®") do not admit non-trivial sections ifn^l, a 
fact we will use frequently below without further mention. 

The divisor D is the zero divisor of a section in the line bundle and uniquely 
determined since class VIIq surfaces do not admit non- constant meromorphic func- 
tions. In particular we have dim 1 for line bundles M on class VIIq 
surfaces and if M is non-trivial then either M or M"^ does not admit non-trivial 
sections. 

The exponential sequence ^ Z — > O O* — > gives rise to the long exact 
cohomology sequence 

. . . ^ H\S,Z) ^ H\S,0) H^{S,0*) ^ H^{S,Z) ^ ... . 

Here Pic(S') := H^{S, O*) is the PiCARD group, the ABELian group of isomorphism 
classes of holomorphic line bundles on S with group multiplication induced by 
the tensor product. On the other hand 77^(5', Z) classifies isomorphism classes of 
complex fine bundles via the first Chern class. The connecting operator is just the 
group homomorphism that associates to a holomorphic fine bundle the first Chern 
class of its underlying topological fine bundle. Its kernel, the image of exp^, is the 
subgroup Pic°(/S') of holomorphic structures on the topologically trivial line bundle. 
The PiCARD group Pic(S') has the structure of a complex Lie group and exp^ is an 
etale morphism [LT95i |. 

Since H^{S,Z) is torsion free and bi{S) = 1 we have H^{S,'E) = Z. On the 
other hand, on class VII surfaces the natural inclusion C ^ O induces an isomor- 
phism H'^iS, C) H^{S, O) fKodfi4| showing that for 61 (5) = 1 there is a group 
isomorphism 

Pic''(S') = C*. 

In particular, every holomorphic line bundle in Pic"(S') has exactly two roots in 
Pic°(S') which differ by the non-trivial root of O which we will denote by T: 

Remark that in contrast to Kahler surfaces Pic°(S') is non-compact here. 

3. FiLTRABLE HOLOMORPHIC BUNDLES 

On surfaces, topological complex vector bundles are classified up to isomorphisms 
by their rank and their first two Chern classes. We fix once and for all a complex 
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vector bundle E on S with 

rank£: = 2 ci{E) ^ ci{K) C2{E) = , (3.1a) 

where K is the canonical complex line bundle. Since ci(det E) — ci{E) this implies 
detE = K. In the following we will study the simple holomorphic structures £ on 
E with determinant 

detS^IC. (3.1b) 

At first we investigate filtrahle bundles of type l|3.ip , because they admit a rel- 
atively simple description as extensions of certain holomorphic line bundles. In 
general a rank two bundle is filtrable if it admits a rank one subsheaf, but the 
notion simplifies considerably for surfaces: 

Definition 3.1. A holomorphic rank two vector bundle E on a complex surface S 
is filtrable if and only if one of the following equivalent conditions is satisfied: 

(1) £ has a rank one subsheaf S^. 

(2) £ has a locally free rank one subsheaf C. 

(3) There exist holomorphic line bundles C and 71 on S that fit into a short 
exact sequence of the form 

— > C — > £ — >7^(8)J^z — > (3.2) 

where J'z is the ideal sheaf of a dimension zero locally complete intersection 
Z dS. 

The proof of the equivalence is standard, see for example |EF82j . 
The first reason for choosing E to satisfy p. lap is that in this case we get rid of 
the (possibly very complicated) ideal sheaf in l|3.2p : 

Proposition 3.2. On a class VIlJ surface S we have Z — and either ci(£) — 
or ci [TV) = in \2t.2\ under the assumption l|3.1ap . 

Proof. Since ci(/C) is a generator of H'^{S,Z) = Z we set ci(£) = n • ci(/C) with 
n e Z. Computation of the Chern classes of £ = (£ ® £^) (8) C yields, since 

Cl(/C)2 = -1, 

ci(/C) =ci(£) =ci(£®£^) + 2ci(£) and 

= C2i£) - C2i£ ® £^) + ci(£ ® C'')ci{C) + ci{Cf = \Z\ + n(n - 1) . 

Here \Z\ denotes the number of points in Z , counted with multiplicities. But the 
last equality can only be satisfied if \Z\ = 0, i. e. Z = 0, and n = or 1. □ 

Now note that the determinant of a the central term in a line bundle extension 
is the tensor product of the two corresponding line bundles. 

Corollary 3.3. Any filtrable holomorphic vector bundle £ of type p.ip on a class 
VIlJ surface is the central term of an extension of one of the following two types 

— > C — > £ ®1C ^ Q (3.3a) 

Q ^ Tf ®1C £ — > n — > Q (3.3b) 

where C.U <E Pic" (5). 

Moreover, given a line bundle inclusion A4 ^ £ into a bundle £ of type (|3.ip . 
we have either ci(A^) = and the inclusion extends to l|3.3ap with C ^ A4 or we 
have Ci{M) = Ci(/C) and it extends to l|3.3bp with TV^ ®K'^ M. 
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The following lemma shows that the existence of non-trivial extensions l|3.3p and 
the uniqueness of their central terms is determined by the existence of sections 
in certain line bundles. Line bundle extension 0^A^i^£^Al2^0or 
equivalently Mi(^M2 £®M2 O ^ Q are determined by the image of the 
constant 1 section in O under the connecting operator H'^{0) H^{A4i ® ) in 
the associated cohomology sequence and vice versa. In particular extensions which 
differ by a non-zero constant in the classifying space Ext^(Al2, VWi) :— H^{Mi (8) 
M2) have isomorphic central terms. To compute the dimension of these spaces we 
will use the RiEMANN-RoCH theorem which, using l|2.ip and combined with the 
Serre duality, takes the particular form 

h°{M)~h\M) + h'^{M'^ <»IC) ^^ci{M) {ci{M) - ci{IC)) (3.4) 

for a holomorphic line bundle M on S, where hP{M) := dimi/P(5, M) |BHPvdV04) . 
To simplify the notation we write £^ and C^^ for £ (g) £ and £^ (X) £^ respectively. 

Proposition 3.4. (1) For every holomorphic line bundle £ G Pic°(S') \ Q{S), 
where 

Q{S) := {£ e PicO(5) : H%C^ ® /C^) ^ 0} , 

there is a non-trivial extension 

— > C — > £c — > C'^IC — > (3.5a) 

with an (up to isomorphisms) uniquely determined central term £c- If 
Q{S) then the isomorphism classes of central terms in non-trivial extensions 
of the form l|3.3ap are parametrised by CP^. 
(2) For every holomorphic line bundle TZ G R{S), where 

R{S) := {n e Pic" (5) : H°{n^) ^ 0} , 

there is a non-trivial extension 

— > ®K — > An — — >0 (3.5b) 

with an (up to isomorphisms) uniquely determined central term Aji- If 
n e Pic°(5) \ R{S) there are no non-trivial extensions of the form (|3.3bp . 

Proof. Extensions of type (|33bl) are classified by Ext^ (7^, 7^'^ (g) /C) ^ ^ (7^"2 ^ _ 
From formula ([331) for M ^ 7^"2 /C we obtain dimExt^(7^,7^'^ ® JC) = h^{'R?) 
since H'^{TZ~^ ® K) — Q. This proves ^ because /iO(7^2) ^ or 1. Likewise, 
extensions of type l|3.5ap are classified by Ext^(£^(g)/C, £) = 7J^(£^®/C^) and from 
formula we obtain dimExt^(£'' ®JC,C) = l + h"{C^ (g> Ky) since H°{C-^ (g) 
K?) = 0. This proves the first part of 

In the case £ € Q{S) we have dimExti(£^ ® /C,£) = 1 + h"{C^ «) /C^) = 2 
because 7^ h^{C^ ® IC^) ^ 1. Let (/j: £1 ^ £2 be a bundle isomorphism between 
the central terms of two different extensions in the following diagram: 

^£^^£1 ^C®1C ^0 (3.6) 

I I 

I V I 

V ^(3^1 

^ £ ^ £2 ^ C ®]C ^ . 

The composition /32 o o ai must vanish since it defines a section of £~^ ® JC. 
Thereby ip induces endomorphisms £ ^ £ and ® K, ^ ® K, (the vertical 
dashed morphisms) defining sections of O. That ^p is an isomorphism shows that 
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both are non-trivial and thus non-zero multiples of the identity. But then the two 
extensions differ by a non-zero constant in Ext^(>C^ ® /C, £). □ 

R{S) is the set of those line bundles TZ £ Pic"(S') that define a (unique) bundle 
An and Q{S) is the set of those line bundles C € Pic°(S') that do not define a unique 
bundle £c- In the following we always imply TZ € R{S) and C € Pic"(S') \ Q{S) 
when we write A-jz and £c respectively. 



Remark 3.5. Using remark \27S\ and evaluating the first Chern class, it is not 
difficult to see that the above sets have the following form on the different class 
VIlJ surfaces: 

• For S the half INOUE surface, = ^/0 {0,T} and QiS) = V^. 

• For S an Enoki or the parabolic iNOUE surface. 



R(S) = {M ® 0{rC) : MeVOU y/0{C), r G N} . (3.7) 

• For S an Enoki surface, Q{S) = 

• For S the parabolic iNOUE surface, Q{S) = R{S) U ^O(-C) 

In particular, since every line bundle in Pic''(S') has exactly two square roots, the 
above sets are finite or countable so that the bundles £c with C € Pic" (5) \ Q{S) 
represent the generic case among the filtrable bundles of type (|3.ip . 

We now restrict our attention to simple bundles. Simplicity assures that the 
resulting moduH space is a complex analytic space. 

Definition 3.6. A holomorphic vector bundle £ is called simple if the only holo- 
morphic endomorphisms of £ are multiples of the identity. 

Proposition 3.7. (1) The central terms of trivial extensions of type p.Sp are 
never simple. 

(2) The bundles £c, C e Pic°{S) \ Q{S), are simple. 

(3) For C € QiS) the central terms of non-trivial extensions (|3.3ap are not 
simple. 

(4) A bundle An is simple ifUe R{S) \ Q{S). 

Moreover, every simple filtrable holomorphic bundle of type l|3.ip is isomorphic 
to either a bundle £c for some C G Pic°(5) \ Q{S) or to a bundle An for some 
TZ G RiS). 

Proof. (HJ is evident. To prove ^ and ^ regard diagram l|3.6p for £i = £2 =■ £ 
and an enrfomorphism ip: £ £. As in the proof of proposition 13.41 (p induces 
endomorphisms £ — > £ and ® IC ^ ® K, (the vertical dashed morphisms) 
which must be multiples of the identity since they define sections in O. Let the 
latter one be C'^'^C'^t^K. with C G C. Then we can substitute ip by ip — C^idg to obtain 
the diagram 

^ C *- £ C ®JC ^ 



I 
I 



V-C id£ I 

V 

^ C — ^ £ ^ £^ ® /C ^ 



where this time the endmorphism £^ /C ^ £^ (8) /C on the right is zero. Therefore 
(p — (id£ factorises through a2. But now the endomorphism £ ^ C on the left must 



^Later on we will see that this is actually an "if and only if". 
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be zero too. Indeed, if not, it would be an isomorphism and its inverse composed 
with the morphism 8 ^ C would define a splitting of the first extension. This 
induces yet another morhpism a: ®1C ^ L from the bundle (^JC in the upper 
extension to the bundle C in the lower extension (not indicated). This morphism 
defines an element of H^{C^ ® K^) and is zero if and only \{ ip — C^id — a2 o a o j3i 
is. This demonstrates ^ and ([3]). 

The proof of ^ is analogue. In the corresponding diagram 

^ ® /C An ^ 7^ ^ 

I 
I 

Y 

^ (g) /C ^ An — ^ 7^ ^ 

for a bundle endomorphism Lp : An An the composition 132 o p> ° ai is zero by 
hypothesis since it defines a section of TZ^ Ky . As before we can substitute this 
diagram by 

^ «) /C ^ An — ^ n ^ 

I 

1 ip-Cid 10 

¥ \ Y 

^ ® /C ^ An — ^ 7^ ^ . 



An 


— ^ 

1 




1 CidTi 


An 


Y 

— ^ 



Concluding as above we have ip — C\d since H^{TZ ^ K.) — 0. 

The last statement is now a consequence of corollarv l3.3l and proposition [331 O 



To obtain a bijective parametrisation of simple filtrable bundles of type (|3.ip we 
will have to determine possible isomorphisms of the forms 

Sc = £c An' =An An^£c- (3.8) 
Regarding the defining extensions l|3.5p and corollary 13.31 these are given by holo- 
morphic bundle embeddings £' ^ ££, 7^' ^ An and L ^ An- 

A line bundle extension O^A^^f^O— >Ois determined by the image Sh{l) 
of the constant 1 section in O under the connecting operator Sh ■ H'^{0) H^{J\4) 
in the associated cohomology sequence. Given, in addition, a divisor D > on 
S there is a second connecting operator Sv ■ H^{Md{D)) H^{M) from the 
cohomology sequence associated to the short exact sequence 

— > M — > M{D) — > Md{D) — > 0. (3.9) 

This sequence is the defining sequence for AiuiD) where we write Ai{D) for M ® 
0{D) and Md for the restriction of to D, i.e. Md '-^ M ®Od- 
In |Tel05bj we find the following criterion: 

Proposition 3.8. With the above notation, the natural map 0{—D) O can be 
lifted to a bundle embedding 

(3.10) 




if and only if there exists a section a e H'^(A4d{D)) defining a trivialisation 
Md{D)=Od such that 5h{l)=5^{(j) 

Applying this criterion to the extensions l|3.5p yields the following 



10 



KONRAD SCHOBEL 



Corollary 3.9. (1) £c — if and only if C = C. 

(2) Suppose TZ' '^TZ and that A-r, and Av,' are simple. Then Aw — A-r if and 
only if there exists a divisor D > with TZ®TZ' = JC{D) and TZ'jj '^TZd. 

(3) Suppose An is simple. Then An = Ec if and only if there exists a divisor 
D>0 with C = n{-D) and U^, = JCd{D). 

Proof. We can show the first statement without using proposition 13.81 Take two 
non-isomorphic bundles C and C . Then either ® L' or C® C!^ has only trivial 
sections, c. f. remark [273l We can assume the latter by possibly interchanging L and 
Let now ip: Ec ^ Ea be an isomorphism between the corresponding bundles 
Ec and Ec> and regard the following diagram: 

^ £ Ec ^ Cy ®K ^ 

I 

H> I 

^ £' ^ Ea Z:'^ ® /C ^ . 

The composition (iio Lp o a\ vanishes since it defines a section of Cy ® C'^ ® IC. 
Thus (fi induces a morphism ® JC ^ (E) JC (the vertical dashed morphism). 
This defines a section of £ (8) >C'^ which is zero by the above choice of C and C. 
Consequently ip factorises through a2, showing that it can not be an isomorphism. 
This proves the first statement. 

To prove the second statement we can assume that TV^ ® TZ' does only admit 
trivial sections by possibly interchanging TZ and TZ' , c.f. remark [T3l Now observe 
that an isomorphism An' — An gives, after tensorising the defining extensions for 
An and An' by 7?,^, a bundle embedding a, 

M 7^^®7^'^®/c (3.11) 



^ 7^-2 (g, IC ^ (8) An ^ O ^ , 

and thus a bundle morphism 7^^ ® 7?.'^ ® /C ^ C If it were trivial, a would induce 
a morphism TZ^ (§> TZ'^ (g) /C — ^ TZ^"^ (8) K. defining a section of TZ^ (g) TZ' which is 
zero by assumption. This would contradict the fact that a is a bundle embedding. 
So the morphism TZ^ (g) TZ'^ (g /C — > O is non-trivial, showing the existence of a 
divisor D ^ with TZ^TZ' = JC{D). We have D because otherwise this would 
give a splitting of the extension defining An^ but An is simple by hypothesis. 
Proposition 13.81 applied to = TZ~^ g)/C now yields TZ^j^ = K.d{D) or equivalently 
TZd'^TZ'jj. 

Conversely, suppose TZ ® TZ' = IC{D) and TZd = TZ'jj. Again we can assume 
that TZy ®TZ' does only admit trivial sections by possibly interchanging TZ and TZ' . 
Consider the short exact sequence l|3.9p for M. = TZ^^^K, and regard the associated 
long exact sequence 

. . . ^ i^°(7^^ (g TZ') ^ iJ°(Oz5) ^ H\TZ-^ (g /C) ^ . . . 

We have h^iTZ^ ®TZ') = by assumption, so the connecting operator 5v is injective. 
As we saw in the proof of proposition[331 {TZ''^ K.) = dimExt^(7^, 7^^g)/C) = 1. 
Together with H^IOd) 1^ 1 this shows that 6v is an isomorphism and h°{OD) = 1- 
Thus the preimage a of Sh{l) € H^{TZ~'^ ig IC) under 6v is a constant section of 
MoiD) = Od and therefore defines a trivialisation. Applying proposition 13.81 to 
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M ~ TZ^^ (8) IC now gives a line bundle inclusion a in l|3.1ip . By corollary 13.31 the 
resulting bundle embedding TV^ ®JC An extends to an extension TZ'^ ®JC 
An TV ^ 0. It is non-trivial because An is simple. Then by the definition of 
An' we have An' — An- 

The proof of the last statement is analogue because in this case the corresponding 
diagram is 

M TV ®C 

a \ 

^ 7^-2 ® K *- 'Uy ® An ^ O ^ 

and the cohomology sequence of lall) for M = 7^-2 ® JC reads 

. . . ^ i/"(7^^ ®ic)^ h"{Od) ^ H\n-^ ® /c) ^ . . . . 

But in this case 7?.^ (g) (g) /C does not admit non-trivial sections. □ 

We will now examine the above criteria on each type of class VIlJ surfaces. For 
the half INOUE surface we first need the following fact. 

Lemma 3.10. A smgular rational curve C with one node on a complex surface 
satisfies K-ciC) = Oc- 

Proof. Note that JCc{C) is the dualising bundle of C which is independent of the 
particular embedding of C |BHPvdV04) and we can embed C as a cubic in CP^. 
But there JC = 0{-3) and 0(C) = 0(3) so that /C(C) is already trivial. □ 

Theorem 3.11. For S the half Inoue surface, there is an isomorphism 

Ao ^ A:f (3.12) 

and the filtrable simple holomorphic bundles of type p.ip are bijectively parametrised 
by (Pic°(S') \ Vt) n {0}, mapping £c and i-^ Ao — Aj^. 

Proof. The isomorphism Aj^ = Ao follows directly from corollary 13. Qp ]) and (|2.2p 
together with the lemma. Note that by remark 13.51 there are no further bundles of 
the form An- 

The bundles £c are simple by proposition 13.71 as well as is Ao because O ^ 
Q{S) = \fT . By corollary 13.91 the bundles Ec are pairwise non-isomorphic and 
there can be no isomorphism Ao — ^c- Indeed, taking the first Chern class of 
C = TZ{—D) shows 01(0(1?)) — 0, contradicting D ^ 0. This shows injectivity. 
Surjectivity follows from proposition 13.71 □ 

Theorem 3.12. For S the parabolic Inoue surface there are isomorphisms 

An = n{-E)®n'^{-C) neR{S), (3.13) 

so the An are not simple. The filtrable simple bundles of type i|3.ip are bijectively 
parametrised by Pic°(S') \ Q{S), mapping Ec- 

Proof. To show l(3J3l) . take a bundle 7^ G R(S) with V? ^ 0{rC) for some r e N. 
Using /C ^ 0{-E - C) we get 

{K^lVy ® {Jl{-E)®vy{-C)) = 0{{r + l)C) ® 0{E). 
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Since C f] E — 0, this bundle admits a non- vanishing section giving rise to a 
bundle embedding /C ® 7^^ ^ TZ{—E) TV {—C). But, as one easily checks, 
'R-i-E) ® 7^^(-C) is of type fSTTI) . So by corollary [3J] this inclusion extends to 

— > ic®tV — > n{-E)®'Ry{-c) — > 7^ — > o. 

Assume this extension splits, i. e. TZ{-E) ® TZ^ {-C) = {K ®'Ry) ®Ti. Tensorising 
with TV gives 0{-E) © 0{-{r + 1)C) ^ {K. (S) 7^-2) © O which is impossible 
because the left hand side admits no non-trivial sections while the right hand side 
does. Therefore the above extension is non-trivial and determines the isomorphism 
((3131) by the very definition of An- The rest follows from [Q and laiOlfTI) . □ 

To apply corollary 13.91 in the remaining case of an Enoki surface, we need the 
following generalisation of lemma [3101 for Enoki surfaces. 

Lemma 3.13. On an Enoki surface one has lCrc{C) = OrC for r e'N \ {0}. 

Proof. We prove by induction on r. For r = 1 this is just lemma [3101 so let us 
suppose /Crc(C) — Orc for some r ^ 1. Restricting a holomorphic line bundle M 
from (r + 1)C to C gives the following exact sequence |BHPvdV04j : 

Mrci~C) X(.+i)c Mc ^ 0. (3.14) 

Considering this sequence for M = O and M. = IC{C) respectively and taking into 
account lemma 13.101 as well as the induction hypothesis gives the following two 
extensions of Orci—C) by Oc- 

^ Orci-C) ^ 0(r+l)C ^ Oc ^ 



^ ICrC ^ !C(^r+i)c{C) ^ ICciC) ^ . 

But the set of isomorphism classes of holomorphic line bundles on {r+l)C extending 
Crc(-C) by Oc can be identified with H'^{Oc{-rC)) [DreOeP . So all we have to 
verify is H^{Oc{—rC)) = 0. To this aim consider the part 

H\0{-rC)) ^ H\Oc{-rC)) H^{0{-{r + l)C)) ^ . . . 

of the exact cohomology sequence associated to the short exact sequence i|3.9p for 
M = 0{-{r + 1)C) and £> = C. By Serre duality we have H'^{0{-{r + 1)C)) ^ 
i/"(/C((r-f 1)C)) = by remark [Tsl since ci(0(C)) = on an Enoki surface. Also 
H°{IC{rC)) = and formula ^ for M = 0{-rC) shows H^O{-rC)) = 0. This 
proves H^{Oci^rC)) ~ and therefore /C(r+i)c(C) C(r+i)C- ^ 

Theorem 3.14. On an Enoki surface S we have isomorphism^ 

An^Sn-i-c) 7^ e (3.15) 

and the filtrahle simple bundles of type l|3.ip are bijectively parametrised by Pic'^(S'), 
mapping Ec- 



^The proof in |Dre06] goes through for non-algebraic surfaces as well. 
^--Ry (-C) is well defined since 7?.^(— C) G Pic''(5) \ Q{S), as one easily verifies. 
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Proof. First recall that divisors on an Enoki surface are multiples of the curve 
C. Therefore Tt^ = 0{rC) for some r e N if 7?. G R{S) and the above lemma 
shows the existence of a divisor D = {r + 1)C with JCd{D) — OoirC) = 
Corollary 13. 9l |3|) thus gives an isomorphism An = £c with C = TZ[ — (r + 1)C) = 
Tl'^{-C). Remarking that Q{S) = for Enoki surfaces, the rest follows from 13.71 
and lliQlfTI) . □ 

Resuming, we saw that with exception of the bundle Ao = A:f on the half 
Inoue surface, every filtrable simple holomorphic bundle of type p.ip on a class 
Vllg surface S is of the form Ec with C £ Pic°(S') \ Q{S). Taking into account 
remark [3?5l a bundle of the form A-r, is simple if and only if TZ & RiS) \ Q{S). 



the moduH space of simple holomorphic bundles of type l|3.ip on S. 

This is a (possibly non-HAUSDORFF) complex space. The local structure of this 
moduli space is given by the following proposition whose proof is a straightforward 
generalisation of the case R{S) = \fO in [Tel05a| . 

Proposition 4.2. (1) //£ € Pic"(S') \ (i?(S') UQ(5)) then M%S) is a smooth 
complex curve Cc in a neighbourhood of Ec given by C i— > Sa ■ 

(2) If TZ £ R{S) \ Q{S) then A4^{S) is the intersection of two complex curves 
C-ji and C'-ji in a neighbourhood of E-ji where C-ji is given by C! ^ Ea ■ 

(3) IfTZ^ R{S) \ Q{S) then M^{S) is a smooth complex curve in a neigh- 
bourhood of An- 

(4) The points En and An are not separable. More precisely, we find neigh- 
bourhoods U' , U" of En and An respectively with {Cj^ \ {En}) D U' = 



(5) J^^{S) is a smooth complex curve in a neighbourhood of every non-filtrable 
bundle. 

Moreover, M^{S) is regular in all smooth points. 

We have depicted this situation in figure[l] (dividing real dimensions by two). The 
vertical arrows symboHse identification of the corresponding curves with exception 
of the points joined by the dotted line. We can regard the curves and as one 
single curve with a double point consisting of En and An ■ This "curve" is smooth 
at the point An but is transversely crossed by the curve Cn at the point En- 



4. The local structure of the moduli space 



Definition 4.1. We denote by 

M^{S) := {E simple holomorphic structure on E: deiE ^ JC} /T{S,GL{E)^ 



(c^ \ {An}) n U' 



An 




Figure 1. Local structure of the moduH space at En and An 



In the case of the paraboHc Inoue surface and an Enoki surface the above theo- 
rem determines completely the structure of the moduli space in a neighbourhood of 
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every filtrable bundle. Recall that for the paraboHc Inoue surface R{S)\Q{S) — 
so that the situation is particularly simple: Theorem 13.121 actually establishes an 
isomorphism between Pic" (5) \ Q{S) and the filtrable part of the moduli space 
of simple bundles, given by £ i— > ££. For an Enoki surface the isomorphisms 
^TZ — ^n'^(^c) immediately tell us that = C-]iv(^^c)- In the remaining case of 
the half Inoue surface the situation is slightly more complicated. We can not yet 
identify the curves and and will do this in section [7l 

5. Stability 

The moduli space important for gauge theory is the moduli space of stable holo- 
morphic bundles and is a Hausdorff complex space. Stability is defined with 
respect to a Gauduchon metric g on S which is a HERMlTian metric whose asso- 
ciated (1, l)-form ujg verifies ddujg = 0. Such a metric always exists and allows one 
to define the degree map by 

deg: Pic(S') — > R 

C I — > deg£:= J ci{C, Ah) A ujg , 

s 

where ci(£, Ah) is the first Chern form associated to the Chern connection Ah of 
a HERMlTian metric h in C (i. e. locally ci(£, Ah) — ddlogh). This is a Lie group 
morphism and independent of the particular choice of h. Note that on non-KAHLER 
surfaces the degree map is never a topological invariant and therefore non-constant 
on Pic"(S') [LTl5] . 

Examples 5.1. (1) degO = degT = because the square roots of O are 
torsion elements in Pic''(S'). 

(2) degO{D) — yq\D > for any divisor D > on S . This is a consequence 
of the Poincare-Lelong formula |GH78ij . 

(3) On the half and the parabolic iNOUE surface deg/C < for any Gaudu- 
chon metric. This follows from the previous examples together with (|2.2p 
and (|2.3p respectively. For Enoki surfaces deg /C attains every value in M. 
when g varies in the space of Gauduchon metrics. This was shown in 
|Tel05b) . based on results of [BucOOj . 

(4) deg7^ ^ ^/7^ G R{S), because Tl"^ 0{D) for some divisor D^O. 

(5) Likewise, degC > i deg/C if C € Q{S). 

Now the (slope-) stability is defined using the g -slope of a coherent sheaf ^ 

_ degdet^ 
rank^ ' 

Definition 5.2. A holomorphic rank two vector bundle £ over a complex surface 
S is called g-stable if for every rank one sub sheaf S'' C £ we have ^ig{S^) < Ms('^)- 

This definition simplifies in our case to: 

Proposition 5.3. A holomorphic vector bundle £ of type p.ip on a class VIlJ 
surface S is g-stable if and only if for every holomorphic line-subbundle C C £ we 
have deg£ < ^ deg/C. 

The proof is standard, see for example |Kob87j . 
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Non-filtrable bundles are stable by definition and stable bundles are simple 
|Kob87j . so it remains to examine stability for simple filtrable bundles (c.f. sec- 
tion [3]). 

Proposition 5.4. (1) On the half INOUE surface, the bundle Ao — has 
exactly two holomorphic line subbundles, namely JC and T ®K. 

(2) On an Enoki surface, the bundles An = ^n'^(-c) have exactly two holo- 
morphic line subbundles, namely TV ® K. and TV {—C). 

(3) On an arbitrary class VIlJ surface, a bundle £c has no holomorphic line 
subbundle other than L if it does not belong to case 

Proof. By definition, the bundles Ec and An have as holomorphic line subbundles 
C and TV^ ® K. respectively. By corollary [331 every other inclusion of a holomorphic 
line bundle into Ec or An extends to an extension of type l|3.3p . This extension 
is non-trivial if the bundle Ec respectively An is simple and thus determines an 
isomorphism (|3.8p of the corresponding central terms. The proposition follows now 
from the classification p.l2p - p.l5p of all possible such isomorphisms. □ 

Corollary 5.5. (1) On the half iNOUE surface, the bundle Ao — Ajr is g- 
stable for any Gauduchon metric g. 

(2) On an Enoki surface, An — En'^^^c) is g-stable if and only if 

AegTV{-C) <\dcgK incase deg/C < 
i deg if < deg 7?. incase deg/C ^ 

In either case, one inequality implies the other. 

(3) On an arbitrary class VIlJ surface, a bundle Ec not belonging to case 
is g-stable if and only if dcgC < idcg/C. 

Proof. Combine the previous proposition with the examples 15. II □ 

Remark 5.6. We see that always at least one of the two non-separable bundles 
En and An is unstable as it should be, for the moduli space of stable bundles is 
Hausdorff. 

The degree homomorphism is non-constant on Pic°(5) = C*, so the degree 
corresponds to a non-zero multiple of the logarithm of the radius in C. Regarding 
I5.5l |3l) we fix an isomorphism Pic°(S') = C* that identifies 

Pic2-g(S') := {£ e Pic°(5): degC < g} £»:=ideg/C 

to a punctured open disc in C with center 0, corresponding to deg£ ^ — oo. In 
view of lS.Sp l we also define the set 

U{S) {n'^i-C) e Pic°(S'): 7^ G R{S), deg7^ ^ ^degK}. (5.1) 

From l5.ll( 4| we see that U{S) = if deg/C < — in particular if S is the half or 
the parabolic iNOUE surface. If S is an Enoki surface then U{S) is the finite set 
consisting of those fine bundles C G Pic°(S') with deg£ < g that define an unstable 
bundle Ec- Note that under the map TZ i-^ TZ^{—C) the set U{S) is in bijection to 
the set Rf^eiS) := R{S) D Pic° ^(5*) defining singular semistable points En in the 
moduli space. 

Corollary 5.7. The filtrable part of the moduli space of g-stable holomorphic bun- 
dles is bijectively parametrised by 
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• Pic<g(S') if S is the parabolic Inoue surface (U{S) = 0^, 

• Pi^gCS*) n {0} if S is the half Inoue surface (U{S) 0) and 

• Pic<g(S') \ U{S) if S is an Enoki surface, 

mapping Pic'^g{S) 3 Ec and ^ Ao- 

Proof. This follows from the above corollary together with the theorems 13.1 11 [3?T2l 
[3141 and the observation from example KTI^ that Q{S) n Pic° ^(5) = 0. □ 

6. The boundary of the moduli space of polystable bundles 

We want to compute the moduli spaces of polystable holomorphic bundles of 
type p.ip for any class Vllg surface S. Throughout this section we fix S and omit 
it in notations. 

Definition 6.1. A holomorphic rank two vector bundle £ is g-polystable if it is 
g -stable (deftnition \5.2]) or if 



In the latter case we call £ a split g-polystable bundle. We denote by 

_/Vl(p)st ._ 1^ (poly)stable hoi. str. on E: det£ ^ IC}/r{S,GUE)) 

the moduH space of (poly) stable holomorphic bundles of type p.ip . 

In the previous sections we showed that there is an injection of Pic^^ \ U into the 
filtrable part of the moduli space M^*^ of stable bundles given hy C £c (corollary 
15. 7p which is holomorphic on Pic^g\{U U R^g) (proposition 14. 2p . Now define the 
closed punctured disc 

Pic^g {£ e Pic": deg £ sC £-} C Pic" ^ C* g^^deglC. 

Its boundary is the circle Pic^g(S') of fine bundles C £ Pic°(S') with deg£ — ^ deg/C 
and can be mapped to the split polystable bundles by £ i-^ £ ® (£^ JC). 

In the following we use results about the gauge theoretical counterpart of our 
complex geometric moduli space. Equip the bundle E with a HERMiTian metric h 
and fix a (det /i)-unitary connection a in the determinant line bundle deti? — K. 
Denote by 

T^ASD _ 1^ /i-unitary connection oxiE: FX = 0,detyl = a}/r(S', SU(£;)) 

the moduli space of oriented anti-self-dual (ASD) connections. A connection A is 
called reducible if there is an A-parallel splitting of E into two line bundles, i. e. 
E = L®M and A = Al(BAm where Al and Am are connections on the line bundles 
L and M respectively. We write (M^^^)* for the irreducible part of which 
is naturally a real analytic space. 

The relation between this gauge theoretical moduli space of ASD connections 
and the complex geometric moduH space of holomorphic bundles is given by the 
KOBAYASHi-HiTCHiN correspondence |LT95j . a natural real analytic isomorphism 



given by mapping the gauge equivalence class [A] of an ASD connection A to the 
holomorphic structure in E determined by the corresponding 9-operator Sa. 

Now the second reason for our particular choice of the Chern classes p. lap of E 
becomes apparent. The moduli space M^^^ has a natural compactification — the 



£^C(SM 



with deg M = deg C . 



(6.1) 




(6.2) 
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Uhlenbeck compactification [DKQOj . constructed by attaching further strata in- 
volving moduh spaces M^^^{Ek) of oriented ASD connections on rank two bundles 
Ek with 

ci{Ek)=ci{E) and C2{Ek) ^ C2{E) ~ k , A: = 1,2,.... 

But in our case p. lap assures that 'ic2{Ek) — ci{Ekf' < 0, condition under which 
the expected dimension l|l.ip of M^^^{Ek) is negative and the attached strata in 
the Uhlenbeck compactification of M^^^ are all empty. This means that M^^^ 
is already compact and the irreducible part {M^^^)* of A^^^^ can be compacti- 
fied by adding only the reducible part. The latter can be shown to be the circle 
iH^{S, R)/2TTiH'^{S, Z). In fact, applying the KoBAYASHl-HlTCHlN-correspondence 
for line bundles separately to the line bundles in the splitting (|6.ip of a split 
polystable bundle maps the circle of split polystable bundles to this circle of re- 
ducible connections. 

Putting together the above, we get the following commutative diagram 

Pic°<, \ U M^' (a1 ASD^ * . 



PicL \ U ^ A^P-t — ^ mAsd 

where the vertical arrows are natural inclusions. Remark that a priori there is 
no natural topology on the moduH space of polystable bundles and the bijection 
_yV(pst ^ j^ASD -g Qjjjy theoretical. It is turned tautologically into a homeomor- 
phism by equipping A^p''* with the induced topology. 

Proposition 6.2. The above inclusion Pic^^ \ U ^ J^p^^ maps Pic^^ 
homeomorphically to an open suhspace of M^^^ . In particular, if there is no bundle 
TZ <E R with deg??. = g, M^^^ possesses the structure of a real two-dimensional 
manifold with boundary in the neighbourhood of the image of the circle Pic^^g. 

Proof. Using the following lemma, we can apply the proof of |Tel05a[ prop. 4.4]. 
Remark that Pic° ^ n C/ = 0. □ 

Lemma 6.3. Let E be a stable holomorphic bundle of type l|3.ip and e > be 

sufficiently small. Then a line bundle M G Pic° with H°{M'^ ® E) ^ and 
g — e ^ deg A4 ^ g is unique. 

Proof. The existence of such a line bundle ^A implies that £ is filtrable and as in 
the proof of the equivalence in definition 13.11 we can construct a non-trivial sheaf 
morphism Al ^ £ to a line subbundle £ of £. So A^ = C{—D) for some divisor 
D ^ on S. Since 8 is stable we have deg£ < g and volD — degC — degA^ < e. 
If we choose e > less than the volume of any curve on the surface then D — 
and A^ = £. But proposition 15.41 shows that a line subbundle C £ Pic° of £ is 
unique. □ 

The proof of proposition 16.21 fails at points TZ E R with deg 7?. = g, c. f. |Tel05a[ 
lemma 4.3]. This can only occur on Enoki surfaces for Gauduchon metrics with 
deg /C > and we will account for this situation in the last section when we discuss 
the structure of the entire moduli space. 
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7. NON-FILTRABLE HOLOMORPHIC BUNDLES 

The next proposition says that the structure of the moduH space around the 
origin is the natural one given by the closure Pic^gU {0} of Pic^^ in C. 

Proposition 7.1 QTelOSa) . prop 4.5). The inclusion Pic^g\ U ^ A^p*'' extends 
to an inclusion 

{PiclgU{0})\U ^ MP'\ 
holomorphic at the centre 0. Moreover, is mapped to a bundle £ verifying 

£®T'^£, (7.1) 
where T is the (unique) non-trivial square-root of O. 

The invariance property l|7.ip follows from the following lemma in the limit 
£ ^ 0, i. e. deg£ — > — oo, since deg>C ® T = deg£. 

Lemma 7.2. Ec® ^ — Ect^jr and An ® T ^ ■An^r- 

Proof. First note that £c®^ and A-r. ® are of type l|3.ip . Tensorise the defining 
extensions for Ec and A-r. by J- and compare with the defining extensions for £c®r 
and Ati(^j' respectively. □ 

This also makes expHcit the Z2 symmetry of the moduli spaces of bundles of 
type l|3.ip under tensorising with the square roots of O. We see that (|7.ip holds for 
Ao = Ar. 

Corollary 7.3. On the half Inoue surface, £ is the filtrahle bundle Ao- On an 
Enoki or the parabolic Inoue surface E is a non-filtrable bundle. 

Proof. Suppose Ec®^ — Ec for S an arbitrary class VIlJ surface. Then Ec(g>j^ — Ec 
by lemma [721 and thus C(^!F = £hy corollary [331 contradicting the non-triviality 
of JF. Therefore, either E is non-filtrable or S is the half Inoue surface and E = Ao- 
E cannot be non-filtrable on the half Inoue surface because this would imply that 
Ao lies on another component of the moduli space. This is excluded by corollarv l7.8l 
below. □ 

Remark 7.4. One can show that (|7.ip implies that the pull-back of E to a double 
cover of S splits into a sum of two line bundles. 

For a complete description it only remains to show that our moduli spaces do 
not contain further connected components. Non-filtrable bundles are stable by 
definition and we saw that all unstable filtrable bundles lie on the component we 
already described. Thus another component would be contained in the moduli 
space of polystable bundles and therefore be compact. But M. ToMA showed that 
this is impossible on blown-up primary HoPF surfaces |Tom06j and we know that 
every class VIIq surface containing a global spherical shell — in particular every 
class VIlJ surface — is a degeneration of blown-up primary Hopf surfaces (Kat78] . 
In the following we will prove that a compact component in the moduli space would 
be preserved under small deformations. We do this using a third guise of our moduli 
space, justifying at the same time, finally, why we speak of "PU(2)-instantons". 

Let P be the principal PU(2)-bundle obtained as the quotient of the principal 
U(2) frame bundle of E by the centre of U(2). Remark that the adjoint action Ad 
of SU(2) on itself descends to an action of PU(2) ^ SU(2)/{±1} on SU(2) so that 
we can define the gauge group :— T{P XAd SU(2)). This group acts naturally 
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on the affine space of connections on P. We call a connection irreducible if its 
stabiliser in ^ is minimal, i. e. the center {±1} of 5^, and denote by s^* the space of 
irreducible connections. The moduli space of irreducible anti-self dual connections 
on P is now defined as the quotient 

M^^^(P)* := {Ae£/*: F+ ^ 0}/^ 

where denotes the self-dual part of the curvature Fa of A. There is a canonical 
isomorphism 

M^^'^iE)* ^M^^^iP)* (7.2) 
with the moduli space of irreducible anti-self-dual connections on E from the pre- 
vious section, independent of the fixed connection a on det E. This independence 
will allow us to construct a parametrised moduli space for a deformation of our 
surface. 

To do this we write this moduli space in a different way as follows. The space £/* 
is a principal ^^/{±l}-bundle over the corresponding orbit space IM* := si* j'^ . The 
map F^ : si fJ^ (ad P) associating to a connection A the self-dual part F\ of its 
curvature is ^^-equivariant and therefore defines a section F+ : SS* ^ S' in the asso- 
ciated vector bundle := s/* Xadf^+(adP) over . The moduU space M^^^{P)* 
is then simply the vanishing locus of this section. Using suitable SoBOLEV comple- 
tions is a Fredholm map between Banach manifolds. A set C C M^^^{P)* 
is said to be regular if F'^ is regular at every point of C. The following proposition 
allows one to check regularity using the complex geometric framework. It results 
from comparing the local models of the moduli spaces {A4^^^)* and Ad^*". 

Proposition 7.5 f |LT95) ). A point in {A4^^^)* is regular if and only if its image 
in A4^^ under the KoBAYASHl-HlTCHlN-corresponrfence (|6.2p is regular. 

Corollary 7.6. For a class VIlJ surface S every compact component C C Ad-'^^^ (S)* 
is regular. 

Proof. By proposition 14.21 A4^^{S) is regular at every smooth point and we saw 
that all singular points lie on a non-compact component. □ 

We show that in general a regular compact component of the moduli space of irre- 
ducible ASD connections is stable under small deformations of the metric. For this 
we consider a parametrised version of the above construction of the moduli space 
A4^^^{P)*. Let / be the interval [— and {gt)t£i a smooth one-parameter 
family of RiEMANNian metrics gt on the base manifold. Again, s/ * := s/* x / is a 
principal ^/{±l}-bundle over ^* := ^* x J. The map F+:^^ rj^^adP), de- 
fined by mapping {A, t) to the self-dual part F^"" of the curvature Fa with respect 
to the metric gt, is ?#-equi variant and defines a section ^* ^ Xad il^(adP). 
This section actually takes values in the subbundle S_ whose fibre over ([A],t) is 
the space fi^^ (adP) of (adP)-valued two-forms that are self-dual with respect 

to the metric gt ■ This gives a section F^ : ^ S_ whose vanishing locus is the 
parametrised moduli space 

(TW^SD-)* _ {{[A],t) e ^* X /: P+^* = 0}. 

The restriction tt: (M^^^Y — > / of the projection y. I ^ I gives a fibration 
(Ai^SD)*^|j^-i(^) ^.^j^ ^-^{t)^M^''''{gtT >c{t}. 
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Proposition 7.7. For t sufficiently small M^^^ {gt)* contains a regular compact 
component if M^^^ {go)* does. 

Proof. Let C C M.^^^{gi^)* be such a regular compact component. The restriction 
of to M.^^^{go)* — 7r^^(0) is just the above map F+ and thus regular on 
C. Therefore itself is regular on C. Regularity is an open condition so is 
regular on an open neighbourhood iV of C in (M^^^y . It follows that is a 
finite-dimensional smooth open manifold. Then, as C is compact, we can choose 
a compact neighbourhood if of C in with K n 7r~^(0) = C C K . We have 
^n7r-i(0) = KC^n'^{0). It suffices to show that kr\TT-^{t) = KHn-^it) for t 
sufficiently small. Suppose not. Then there exists a sequence of points i„) G 

{K \ K) D TT^^{tn) with tn 0. But K being compact, some subsequence of it 
converges to a point ([^4], 0) G {K \ K) O 7r^^(0) — which is a contradiction. □ 

Corollary 7.8. For a class VIlJ surface S, all moduli spaces M^^^{S)* = M''^{S), 
7WP"'(S') andM^'iS) are connected. □ 

Proof. We saw that another connected component in one of these moduli spaces, 
other than the one we already described, would belong to A4^^^ (S)* and therefore 
be compact. By corollary l7.6l it would also be regular. Let now {Jt)t£i be a family of 
complex structures on the real manifold underlying S, parametrising a degeneration 
{St)tei of blown-up primary Hopf surfaces St, t 0, into 5*0 :— S. We can take 
{gt)tei to be a corresponding smooth family of Gauduchon metrics gt on St. Then 
the preceding corollary says that A4^^^ {St)* would contain a compact component 
too, contradicting |Tom06| . □ 



8. The moduli spaces 

We can finally assemble all our results to a complete description of the moduli 
spaces. By a compact complex space with smooth boundary we mean a compact 
real analytic space with a smooth boundary structure around its boundary and a 
possibly singular complex structure on its interior. We write "(^)" for "< (^)". 

Theorem 8.1. Let S be a minimal class VII surface with b2{S) ~ 1. 

(1) If degK < — i. e. if S is the half or the parabolic Inoue surface or an 
Enoki surface with degK < — then the entire moduli space 

of (poly)stable holomorphic bundles of type l|3.ip is bijectively parametrised 
by the open (closed) complex one- dimensional disc PiC(^-,g(5') U {0}. 

(2) If degK ^0 — i. e. S is an Enoki surface with degK ^0 — then the 
_\4{p)Bt(^g^ is bijectively parametrised by (Pic°^-)g(S') U {0}) \ U{S) where 
U{S) is the finite set (|5.ip . 

The parametrisation is given by mapping 

PicigiS) 3 C ^ C ® {C"" (g) K.) , Pic^^giS) 3 C ^ £c and 0^8, 
where: 

(3) On the half Inoue surface, £ is the filtrable bundle Ao and A^'p^''*(5) 
contains no non-filtrable bundles. 

(4) On an Enoki or parabolic Inoue surface £ is the only non-filtrable bundle 
inM'^P^^iS). 
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In case flp this is a homeomorphism, holomorphic on the stable part. In case ^ 
this is a local homeomorphism except at points TZ G R{S), holomorphic on the stable 
part minus R{S). J^^^{S) is a one- dimensional complex space whose singularities 
are simple normal crossings at the points En characterised by 

lim £c=£n= lim £c for if (-C) e U(S) . 

Their number \U{S)\ is finite but unbounded if the metric varies in the space of 
Gauduchon metrics. 

Therefore, except for the case Pic°^g(5') fl R{S) ^ on an Enoki surface, 
^pstj-^^ is a one- dimensional compact complex space with smooth boundary a circle 
and interior M.^^{S), smooth in case (Qp and in general singular in case 

For an Enoki surface S the moduli space M.^^^(S) can be viewed as a closed 
complex disc with finitely many self intersections as in figure [2] (where we divided 
dimensions by two). Note that the degree corresponds to (the logarithm of) the 
"distance" from the center of the disc. In the Hmit case where a line bundle TZ E 
R{S) happens to lie on the boundary circle of this disc, the self intersection is 
merely a "touch" of a point on the boundary circle with an interior point, but both 
points do not belong to the moduli space since they correspond to the unstable 
bundles £u and £n'-'(~c)- 




Figure 2. The moduli space of polystable bundles for an Enoki surface 

Since non-filtrable bundles are stable by definition, the above also completes 
our description of the moduH space M^[S) of simple holomorphic bundles of type 
(|3.ip . If S is the parabolic Inoue surface then M^{S) is simply isomorphic to 
(Pic" (5) U {0}) \ Q{S), i. e. to the complex fine C minus a discrete set of points. 

If S is the half Inoue surface then, due to the isomorphism Ar — Ao, the 
smooth branches in the two local pictures in figure[l]for TZ — O and TZ = T coincide. 
With notations as in proposition 14.2^ we can regard the curves Cq = C'Jr, C'q and 
C'-p as one single "curve" with a triple point consisting of the three non-separable 
points Ao, £o and £jr. This curve is smooth at Ao but transversely crossed by Co 
at £o and by Cyr at £jr. The resulting moduH space M^{S) is depicted in figure [3] 
(where the stable part is marked in bold and we omitted indicating the punctures 
corresponding to bundles in Q{S)). 

If S is an Enoki surface then Ai^{S) contains no such triple points but countably 
infinitely many pairs of inseparable points £iz and £ti'^{-c) corresponding to line 
bundles TZ £ R{S), the first of them being singular and the second smooth as in 
figure [H This is shown in figure HI 
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